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We construct a family of asymptotically ﬂat, rotating black holes with scalar hair and a regular horizon, 
within ﬁve dimensional Einstein’s gravity minimally coupled to a complex, massive scalar ﬁeld doublet. 
These solutions are supported by rotation and have no static limit. They are described by their mass M , 
two equal angular momenta J1 = J2 ≡ J and a conserved Noether charge Q , measuring the scalar hair. 
For vanishing horizon size the solutions reduce to ﬁve dimensional boson stars. In the limit of vanishing 
Noether charge density, the scalar ﬁeld becomes point-wise arbitrarily small and the geometry becomes, 
locally, arbitrarily close to that of a speciﬁc set of Myers–Perry black holes (MPBHs); but there remains 
a global difference with respect to the latter, manifest in a ﬁnite mass gap. Thus, the scalar hair never 
becomes a linear perturbation of MPBHs. This is a qualitative difference when compared to Kerr black 
holes with scalar hair [1]. Whereas the existence of the latter can be anticipated in linear theory, from 
the existence of scalar bound states on the Kerr geometry (i.e. scalar clouds), the hair of these MPBHs is 
intrinsically non-linear.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction and motivation
Myers–Perry black holes (MPBHs) [2] have played an important 
role in exploring higher dimensional gravity. They represent the 
natural generalization of the Kerr solution [3] to higher dimen-
sions. As such, MPBHs are a laboratory for testing how the dimen-
sionality of spacetime affects Einstein’s gravity and black hole (BH) 
physics at a fully non-linear level, and thus how special the four 
dimensional (d = 4) Kerr solution is.
The different nature of the gravitational interaction in higher 
dimensions indeed endows MPBHs with a number of qualitatively 
distinct properties, when compared to the Kerr solution. One such 
distinction can already be seen in the zero angular momentum 
limit, i.e. at the level of the Tangherlini solutions [4]. Whereas the 
d = 4 Schwarzschild BH admits stable bound orbits for classical 
test particles, the same does not hold for the d > 4 Tangherlini so-
lutions [4]. This distinction is a direct consequence of the faster 
fall-off – and hence shorter range – of the gravitational interaction 
in higher dimensions. A similar distinction is also present at the 
level of gravitationally trapped test ﬁelds, rather than particles. But 
in this case, the distinction becomes clearer considering MPBHs vs.
Kerr BHs, rather than their static limits. For concreteness, we con-
sider a d = 5 MPBH with two equal angular momenta, a case for 
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SCOAP3.which there is symmetry enhancement. Also for concreteness, we 
take the ﬁeld to be a massive, complex scalar ﬁeld doublet, Ψ . But 
the arguments below apply more generally.
Gravitationally trapped test ﬁeld modes, i.e. modes exhibit-
ing an exponential fall-off at spatial inﬁnity, have complex fre-
quencies, and are called quasi-bound states. The imaginary part of 
the frequency measures their (inverse) lifetime and signals that 
in a BH background, gravitationally trapped ﬁelds are, in gen-
eral, not inﬁnitely long-lived, since they are infalling into the BH. 
In the four dimensional Kerr background, however, it is possible 
for a gravitationally trapped mode to become arbitrarily long-
lived [5–7], and even inﬁnitely long-lived [8,9,1]. If the mode is 
of the form Ψ ∼ e−iwteimϕ f (r, θ), in standard Boyer–Lindquist co-
ordinates, the imaginary part of the frequency vanishes when the 
real part obeys w = mΩH , where ΩH is the angular velocity of 
the BH horizon. Such modes, being inﬁnitely long-lived, are true 
bound states, and have been called scalar clouds. Scalar clouds oc-
cur at the threshold of the superradiant instability of Kerr BHs, 
which is an ampliﬁcation of gravitationally trapped modes that 
occurs for w < mΩH [10] (see [11] for a review); thus they are 
boundary states, between gravitationally trapped decaying modes 
(w > mΩH ) and ampliﬁed modes. By contrast, for test massive 
scalar ﬁelds on the background of MPBHs, one cannot ﬁnd grav-
itationally trapped modes in the superradiant regime [12,13]. Con-
sequently, one cannot ﬁnd scalar clouds around asymptotically ﬂat 
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of the superradiant instability, was taken in [1] as a smoking gun 
for the existence of Kerr BHs with scalar hair, as fully non-linear
solutions of the Einstein–Klein–Gordon (EKG) system. These BHs 
were indeed constructed in [1]. They form a ﬁve parameter family, 
classiﬁed by three continuous and two discrete parameters. The 
continuous parameters are the ADM mass M , ADM angular mo-
mentum J and a scalar Noether charge Q , that measures the scalar 
hair. The two discrete parameters, labelled m, n, describe the az-
imuthal harmonic index and the number of nodes of the scalar 
ﬁeld, respectively. When Q → 0, the solution reduces to a speciﬁc 
set of Kerr BHs, corresponding to the Kerr solutions which allow 
the existence of the corresponding scalar clouds. When the horizon 
radius shrinks to zero, the solutions reduce to d = 4, asymptotically 
ﬂat, rotating boson stars [14,15] (see also [16] for a recent re-
view on boson stars). These Kerr BHs with scalar hair are therefore 
continuously connected to both Kerr BHs and boson stars, interpo-
lating between these two types of solutions. They evade standard 
no-(scalar)-hair theorems due to the harmonic time dependence 
of the scalar ﬁeld, which, however, disappears at the level of the 
scalar energy momentum tensor and also for the geometry. As 
such, even though the geometry is preserved by both a time-like 
(at inﬁnity) and an azimuthal Killing vector ﬁeld, the full solution 
is only preserved by a combination of these, yielding a helicoidal 
Killing vector ﬁeld. The choice w =mΩH , which in linear theory is 
a necessary condition to obtain scalar clouds, means – for the gen-
eral non-linear solution – that the helicoidal Killing vector ﬁeld is 
the null generator of the horizon, and thus the invariance of the 
scalar ﬁeld along the orbits of this Killing vector ﬁeld implies that
there is no scalar ﬂux through the horizon.
The inexistence of scalar clouds, for massive, test scalar ﬁelds on 
the background of asymptotically ﬂat MPBHs,1 implies that there 
are no MPBHs with scalar hair continuously connected to the vac-
uum solution. But, as we shall report in this paper, there are ac-
tually MPBH with scalar hair, albeit not continuously connected, in 
terms of their global charges, with the vacuum MPBHs.
We shall construct, by solving numerically the EKG equations 
in d = 5, a three parameter family of asymptotically ﬂat, regu-
lar (on and outside the horizon) BHs with scalar hair. The three 
continuous parameters are the ADM mass M , one ADM angular 
momentum J parameter, which equals the two independent an-
gular momentum parameters in d = 5, and the Noether charge Q , 
which again measures the scalar ﬁeld outside the horizon. Two 
discrete parameters, analogous to those mentioned above for Kerr 
BHs with scalar hair, could in principle be added as well. But here 
we shall focus on a single value of these parameters (m = 1, n = 0) 
(cf. Section 2). When the horizon size vanishes, the solutions re-
duce to a set of the asymptotically ﬂat, d = 5 rotating boson stars 
found in [18], in complete analogy to the horizonless limit of the 
Kerr BHs with scalar hair. Unlike the latter, however, the d = 5 so-
lutions we shall exhibit do not admit a limit of vanishing Noether 
charge. But they do admit a limit of vanishing Noether charge den-
sity. In that limit the scalar ﬁeld becomes, point-wise, arbitrarily 
small, and the geometry becomes, locally, arbitrarily close to that 
of a set of vacuum MPBHs. But the global charges – mass, an-
gular momentum and Noether charge – have a ﬁnite gap, when 
compared to the global charges of the MPBHs that are locally ap-
proached. For these reasons we dub these solutions as MPBHs with 
scalar hair and a mass gap.
1 For asymptotically Anti-de Sitter (AdS) MPBHs, there are superradiant insta-
bilities and indeed asymptotically AdS5 MPBHs with scalar hair, and continuously 
connected to both AdS boson stars and AdS MPBHs, were reported in [17] as the 
ﬁrst example of BHs with a single Killing vector ﬁeld.The behaviour we have just described is distinct from that ob-
served for Kerr BHs with scalar hair, and it makes the existence 
of hairy MPBHs consistent with the absence of (test) scalar clouds 
around vacuum MPBHs. This behaviour is anchored on the shorter 
range of the gravitational interaction in d ≥ 5. The higher dimen-
sional shorter range gravity may still produce gravitational trap-
ping; but this requires non-linear effects.
2. The model
We consider d = 5 Einstein’s gravity minimally coupled to 
a massive complex scalar ﬁeld doublet, Ψ . The system is described 
by the action
S =
∫
d5x
√−g
[
1
16πG
R − 1
2
gab
(
Ψ ∗, aΨ, b + Ψ ∗, bΨ, a
)− U(|Ψ |)],
(2.1)
where G is Newton’s constant (that will be set to unity) and 
U (|Ψ |2) is the scalar ﬁeld potential. Variation of this action with 
respect to the metric and scalar ﬁeld gives the EKG equations:
Rab − 12 gabR = 8π Tab,
(
− dU
d|Ψ |2
)
Ψ = 0, (2.2)
where
Tab = Ψ ∗, aΨ, b + Ψ ∗, bΨ, a
− gab
[
1
2
gcd
(
Ψ ∗, cΨ, d + Ψ ∗, dΨ, c
)+ U(|Ψ |)] (2.3)
is the stress–energy tensor of the scalar ﬁeld.
The solutions we report in this work are described by a metric 
ansatz2
ds2 = e2F1(r)
(
dr2
N(r)
+ r2dθ2
)
+ e2F2(r)r2
× [sin2 θ(dϕ1 − W (r)dt)2 + cos2 θ(dϕ2 − W (r)dt)2]
+ (e2F1(r) − e2F1(r))
× sin2 θ cos2 θ(dϕ1 − dϕ2)2 − e2F0N(r)dt2, (2.4)
with
N(r) = 1− r
2
H
r2
,
where θ ∈ [0, π/2], (ϕ1, ϕ2) ∈ [0, 2π ], and r and t denote the ra-
dial and time coordinate, respectively.3 The scalar ﬁeld ansatz is 
a complex doublet ﬁrst used in [18] to obtain rotating bosons stars
2 An equivalent form of the metric (related to the one used in [17]) reads
ds2 = e2F1(r) dr
2
N(r)
+ e2F1(r)r2 1
4
(
σ 21 + σ 22
)
+ e2F2(r)r2 1
4
(
σ3 − 2W (r)dt
)2 − e2F0N(r)dt2,
with the left-invariant 1-forms σi on S3, σ1 = cosψdΘ + sinψ sinΘdϕ , σ2 =
− sinψdΘ + cosψ sinΘdϕ , σ3 = dψ + cosΘdϕ and Θ = 2θ , ϕ = ϕ2 − ϕ1, ψ =
ϕ1 + ϕ2 the usual Euler angles. The corresponding scalar ﬁeld ansatz is
Ψ = φ(r)ei( ψ2 −wt)
(
sin Θ2 e
−i ϕ2
sin Θ2 e
i ϕ2
)
.
3 The Myers–Perry vacuum solution can be expressed as the line element (2.4)
with
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(
sin θeiϕ1
cos θeiϕ2
)
, (2.5)
where φ is a real function and w > 0 is the frequency. Observe that 
this ansatz takes the azimuthal harmonic index on both planes to 
be m = 1, as mentioned in the Introduction. Also, in accordance to 
the discussion therein, we shall look for solutions such that φ(r)
is nodeless, i.e. n = 0. For such an ansatz with two equal angular 
momenta, the spacetime isometry group is enhanced from Rt ×
U (1)2 to Rt × U (2), where Rt denotes the time translation. But 
observe that this is not a symmetry of the scalar ﬁeld. The full 
ansatz is preserved only by a helicoidal Killing vector ﬁeld, of the 
form χ = ∂t + w(∂ϕ1 + ∂ϕ2 ).
The AdS5 MPBH solutions in [17] have been found for a rather 
similar metric ansatz and a vanishing scalar potential, U (|Ψ |) = 0; 
in this case spacetime asymptotics supply the required conﬁning 
mechanism so that scalar clouds can be found at linear level. For 
asymptotically Minkowski spacetimes, a mass term for the scalar 
ﬁeld is the simplest way to obtain gravitationally trapped states. 
Thus we take
U
(|Ψ |)= μ2Ψ ∗Ψ, (2.6)
where μ is the scalar ﬁeld mass. We remark that the asymptot-
ically ﬂat boson stars in [18] have been constructed for a more 
general potential, which is chosen such that non-topological soli-
ton solutions – dubbed Q-balls – exist in the absence of gravity 
(also, the work [18] uses a different scaling convention). Even 
though similar solutions to the ones we shall describe could be 
constructed for this more general potential, to simplify the picture, 
we shall restrict our study here to the case of the potential (2.6).
3. The solutions
3.1. Boundary and physical conditions
We seek asymptotically ﬂat solutions. As such we impose that 
Fi = W = φ = 0, as r → ∞. The ADM mass M and angular mo-
menta J1 = J2 = J , are read from the asymptotic behaviour of the 
metric functions,
gtt = −1+ 8M
3πr2
+ . . . , gϕ1t = −
4 J
πr2
sin2 θ + . . . ,
gϕ2t = −
4 J
πr2
cos2 θ + . . . . (3.8)
For the scalar ﬁeld, the asymptotic behaviour is
φ = c1 e
−√μ2−w2r
r3/2
+ . . . , (3.9)
with c1 a constant. As expected, the condition w < μ must hold, 
for gravitationally trapped modes.
We also seek solutions that are regular on the horizon. In our 
coordinates, the event horizon resides at a surface of constant ra-
dial variable r = rH > 0. To simplify the numerical treatment of the 
problem, we introduce a new radial coordinate x =
√
r2 − r2H , such 
that the horizon is located at x = 0. Then a power series expan-
sion near the horizon yields, imposing regularity, Fi = F (0)i +O(x2), 
W = ΩH +O(x2), and φ = φ0 +O(x2), with
e−2F0(r) = e4F1(r) + M
2 − r4H4
r4
, e2F1(r) = 1+ M −
r2H
r2
r2
,
F2(r) = −
(
F0(r) + F1(r)
)
, W (r) =
√
2M
r4
√
M2 − r
4
H
4
e−2F1(r).w = ΩH , (3.10)
where ΩH > 0 is the horizon angular velocity. Thus the bound-
ary conditions at the horizon are dFi/dx = dφ/dx = 0 and W = w . 
Observe that with the choice (3.10) the Killing vector ﬁeld χ be-
comes the null horizon generator. Then, the preservation of the 
scalar ﬁeld along the orbits of this ﬁeld, χμ∂μΨ = 0, implies the 
absence of scalar ﬂux through the horizon.
The presence of a horizon introduces a temperature TH and an 
entropy S = AH/4, where
TH = e
F (0)0 −F (0)1
2πrH
, AH = 2π2r3He2F
(0)
1 +F (0)2 . (3.11)
Also, the Lagrangian of the scalar ﬁeld has a global U (1) symmetry 
which introduces a conserved current ja = −i(Ψ ∗∂aΨ − Ψ∂aΨ ∗), 
with ja; a = 0. Thus the solutions carry also a conserved Noether 
charge, obtained by integrating the Noether charge density, jt , on 
a spacelike slice Σ ,
Q =
∫
Σ
drdθdϕ1dϕ2 j
t√−g
= 4π2
∞∫
rH
dr r3φ2(r)e−F0(r)+3F1(r)+F2(r) (w − W (r))
N(r)
. (3.12)
The temperature, entropy and the global charges are related 
through the Smarr mass formula
2
3
M = TH S + ΩH (2 J − Q ) + 2
3
M(Ψ ), (3.13)
where
M(Ψ ) = −3
2
∫
Σ
√−gdrdθdϕ1dϕ2
(
T tt −
1
3
T aa
)
, (3.14)
is the energy stored in the scalar ﬁeld outside the BH horizon, and 
also by the ﬁrst law of BH thermodynamics
dM = THdS + 2ΩHd J . (3.15)
3.2. Remarks on numerics
The numerical approach we have employed here is similar to 
that used in constructing d = 5 BH solutions with equal-magnitude 
angular momenta in Einstein–Maxwell–Chern–Simons theory [19]
or in Einstein–Gauss–Bonnet theory [20]. As usual, dimensionless 
variables and global quantities are introduced by using natural 
units set by μ (we recall G = 1), e.g. r → r/μ, φ → φ/√8π and 
w → w/μ. Then, the numerical treatment of the model relies on 
only two input parameters: the horizon radius rH and the ﬁeld fre-
quency w .
The approach used in the asymptotically AdS case [17] (see 
also [21]) to construct a closed form perturbative expression for 
the solutions does not apply in the asymptotically ﬂat case.4 As 
such, we have to rely on numerical methods to obtain asymp-
totically ﬂat hairy MPBHs. Thus, to guarantee the accuracy of the 
solutions reported here, these have been obtained using two dif-
ferent solvers and numerical methods.
The system of ﬁve non-linear coupled differential equations for 
the functions Fi , W and φ, subject to the boundary conditions 
4 Approximate expressions for the solutions can be written for r → rH and 
r → ∞. However, since one cannot match the parameters in these asymptotic ex-
pansions, the corresponding expressions are not really useful.
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MPBHs (shaded area) in (M, w)-space. Vacuum MPBHs exist below the almost hor-
izontal (blue dotted) line at the bottom of the diagram. (For interpretation of the 
references to color in this ﬁgure legend, the reader is referred to the web version of 
this article.)
described above, was solved ﬁrst by using the software package 
COLSYS developed by Ascher, Christiansen and Russell [22]. This 
solver employs a collocation method for boundary-value ordinary 
differential equations and a damped Newton method of quasi-
linearization. At each iteration step a linearized problem is solved 
by using a spline collocation at Gaussian points. Typical meshes 
use around 400 points in the interval 0 ≤ x < xmax , with xmax
around 104 (we have veriﬁed that the solutions are independent 
on the choice of xmax). Also, the mesh is non-equidistant, being 
denser close to the horizon.
As a crosscheck of the results, a large part of the solutions were 
also derived with the program FIDISOL, which uses a Newton–
Raphson method. This software provides also an error estimate for 
each unknown function (see [23] for details and examples for the 
numerical procedure). In this case we have introduced a compact-
iﬁed coordinate x¯ = x/(1 + x), with 0 ≤ x¯ ≤ 1. Typical grids used 
have around 250 points, distributed equidistantly over the full in-
tegration region.
We have found a very good agreement between the solutions 
constructed with these two different methods. In both cases, apart 
from convergence tests, the Smarr relation (3.13) and the ﬁrst 
law (3.15) have been used to test the accuracy of the results. Based 
on that, we estimate a typical relative error < 10−4 for the solu-
tions reported herein.
3.3. The ﬁve dimensional rotating asymptotically ﬂat boson stars
Before discussing the MPBHs with scalar hair and a mass gap, 
it is useful to review the basic properties of the solitonic limit of 
the solutions. In this case rH = 0 and the horizon is replaced with 
a regular origin, where dFi/dr = W = φ = 0. As shown in [18], the 
Noether charge and the angular momenta of these boson stars are 
not independent quantities; they are simply related by
Q = 2 J , (3.16)
while the Smarr relation and the ﬁrst law read
M = M(ψ), dM = 2wd J . (3.17)
Taking w as a control parameter, the numerical results show 
that boson stars exist for a limited range of frequencies, wmin <
w < μ, with wmin/μ  0.927 – Fig. 1 (red solid line). The most striking property of the d = 5 boson stars is that these conﬁgu-
rations do not connect continuously to Minkowski spacetime. In 
contrast to the d = 5 AdS case [17], or with the d = 4 asymptoti-
cally ﬂat case [14,15], the d = 5 asymptotically ﬂat boson stars do 
not trivialize as the maximal frequency is reached, w → μ. Indeed, 
as discussed already in [18], in this limit the scalar ﬁeld spreads 
and tends to zero point-wise, while the geometry becomes arbi-
trarily close to that of ﬂat spacetime. But in this limit, the global 
charges of the solutions remain ﬁnite and nonzero. Thus a mass, 
Noether charge and angular momentum gap is found between the 
φ = 0 vacuum Minkowski ground state and the limiting conﬁgura-
tions with a frequency w arbitrarily close to μ.
An analytical understanding of this feature was given in 
Ref. [18], and relies basically on the special scaling properties of 
the EKG system in d = 5 spacetime dimensions. Following the 
d = 4 analysis in [24], one notices that as w → μ, the solution 
scales as
Fi = Fi0 + ξ2Fi2 + . . . , W = W0 + ξ4W˜ + . . . ,
φ = ξ2φ˜ + . . . , r = r˜/ξ, with μ2 = w2 + ξ2 wˆ2c (3.18)
where ξ a small parameter and wˆc a constant. Also Fi0 = W0 = 0, 
for a Minkowski background. Substituting in the EKG equations 
yields to ﬁrst order in ξ2 a system of three coupled equations 
for F02, W˜ and φ˜ (with F12 = F22 = −F02/2), which are solved 
in Ref. [18]. The proﬁle of φ˜ is then used to evaluate the Noether 
charge of the limiting solutions, Q = 4π2μ ∫∞0 dr r3φ2, which is 
nonzero despite the fact that φ is inﬁnitesimally small. This can be 
understood by noticing that Q is not affected by the scaling (3.18). 
Thus, whereas the Noether charge density becomes inﬁnitesimally 
small as w → μ, the Noether charge remains ﬁnite and non-zero.
A similar relation can be written for the mass M = M(ψ) of the 
limiting boson stars. Then, as proven in [18], the solutions exhibit 
a universal behaviour, independent on the details of the scalar ﬁeld 
potential, with
Mmax = μQmax, (3.19)
as w → μ. For the scaling convention used in this work, one ﬁnds 
Mmaxμ2  22.11.
As can be seen in Fig. 1 (red solid curve), the boson star mass 
decreases as w is decreased from the maximal value μ. Then, 
after approaching wmin , a backbending is observed in the M(w)
diagram. Further following the curve, there is an inspiralling be-
haviour, towards a limiting conﬁguration at the centre of the spiral, 
which occurs for a frequency wcr/μ  0.978. The central inspi-
ralling behaviour is quite generic for boson stars,5 being found also 
in d = 4 Einstein gravity and in d = 5 solutions with AdS asymp-
totics [17]. A similar diagram is found for J (w); thus it is clear 
that the boson stars do not possess a slowly rotating limit.
Instead of using w , the global charges of these boson star solu-
tions may be given in terms of φ′(0), which is proportional to the 
scalar energy density at the centre of the boson star. The curves 
for the mass and angular momentum in terms of φ′(0), as well as 
the relation between φ′(0) and w , are plotted in Fig. 2. One can 
see that φ′(0) diverges as w → wcr , while both M and J are ﬁnite 
in that limit.
As a manifestation that although these non-linearly gravitation-
ally trapped scalar ﬁelds exist, the trapping is weak in higher di-
mensions, one can show that the boson star mass is larger than 
the mass of Q free bosons. Then the arguments in [18] show that 
these solutions are classically unstable.
5 An exceptional case for which this diagram changes is provided by solutions of 
the d = 5 Einstein–Gauss–Bonnet model [25,26].
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scalar ﬁeld at the origin φ′(0) for d = 5 asymptotically ﬂat rotating boson stars. 
(Inset) The relation between φ′(0) and the control parameter w .
3.4. Myers–Perry black holes with scalar hair and a mass gap
The hairy MPBHs are constructed by using the numerical meth-
ods described above and the following general strategy. For any 
spinning boson star with frequency w , we have found that a small 
BH can be added at its centre. Moreover, for a ﬁxed w , the boson 
star solution, which has rH = 0, provides a good initial proﬁle for 
ﬁnding a hairy MPBHs with a small rH . By increasing rH from zero, 
we obtain rotating BH solutions with ΩH ﬁxed by (3.10). Proceed-
ing in this way we have managed to scan the phase space of hairy 
MPBHs.
For all the solutions we studied, the metric functions Fi(r) and 
W (r) interpolate monotonically between the corresponding values 
at r = rH and the asymptotic value at inﬁnity, without present-
ing any local extrema. The scalar ﬁeld, for the nodeless solutions 
discussed herein, is ﬁnite and non-zero at r = rH , presents a local 
maximum outside the horizon and decays exponentially towards 
zero, asymptotically. As a typical example, in Fig. 3 (left panel) 
the metric functions Fi(r), W (r) and the scalar function φ(r) are 
shown for a solution with rH = 0.125/μ, ΩH = 0.97μ, as functions 
of the scaled coordinate 1 − rH/r. The proﬁles of the corresponding 
energy density and Noether charge density are also shown (right 
panel).
In Fig. 1 (shaded region), we exhibit the domain of existence 
of hairy MPBHs, in an M(w) diagram, based on several thousands 
of solution points. This domain is delimited by three curves: the 
already discussed boson star curve (red solid line), the curve of ex-
tremal (i.e. zero temperature) hairy MPBHs (black dashed line), and 
a vertical line segment with w = μ which correspond to the limit-
ing conﬁgurations we dub marginally bound solutions (black dotted 
line), for reasons we shall explain below. We remark that a sim-
ilar diagram is found for J (w) (with Jminμ3  4.424). Thus, we 
conclude that hairy MPBHs have a minimal mass and angular mo-
mentum. In particular they have no static limit, analogously to Kerr 
BHs with scalar hair [1].
The extremal solutions have ﬁnite horizon size and global 
charges and possess a regular horizon. The line describing these 
solutions has the same qualitative behaviour of the boson star 
line, described in Section 3.3: it starts from a non-zero mass at 
the maximal frequency, decreases until a minimal value of w/μ 
0.947, backbends and keeps decreasing, reaches a minimal value 
of the mass and then inspirals towards a central value where, we conjecture,6 it meets the endpoint of the boson star spiral in a sin-
gular solution for ΩH/μ  0.978.
The marginally bound solutions are approached as w → μ. 
In this limit the scalar ﬁeld ceases to be gravitationally trapped, 
cf. (3.9), becoming only marginally bound.7 These solutions pro-
vide a qualitative difference as compared to both Kerr BHs with 
scalar hair [1] and AdS5 MPBHs with scalar hair [17], since in both 
these cases the solutions trivialize as w → μ. The scalar ﬁeld of 
these marginally bound solutions exhibits the same behaviour as 
found for boson stars. Thus, for a given rH > 0, the scalar ﬁeld 
spreads and tends to zero as w increases towards μ, while the in-
tegral 
∫∞
rH
dr r3φ2 is still nonzero (in fact the value of this integral 
is ﬁxed by the parameter rH only). At the same time, the geometry 
becomes that of a vacuum MPBH, instead that of ﬂat Minkowski 
background as in the rH = 0 case. This can be seen in Fig. 4, where 
we compare the behaviour of two (illustrative) metric functions for 
a hairy MPBH – which is approaching the marginally bound solu-
tions – and a vacuum MPBH with the same horizon properties. 
The metric functions coincide near the horizon and a small differ-
ence occurs only asymptotically. As w → μ the point at which the 
metric functions start to become different moves to a larger radial 
coordinate. Thus, for marginally bound solutions, the horizon prop-
erties, in particular the Hawking temperature and entropy, equal 
that of MPBHs with ΩH = μ – Fig. 5. As rH → 0, the limiting bo-
son star is recovered, while for rH → r(max)H = μ√2 , the geometry 
of the extremal vacuum MPBH is approached, albeit with different 
global charges.
To get an analytic understanding of this behaviour, we can, in 
principle, follow the analysis in [18] of the boson star limit, and 
consider the expansion (3.18) of the solutions in the small param-
eter ξ2 ∼ μ2 − w2, together with the same scaling or r. In this 
case, however, the functions Fi0, W0 do not vanish, being given by 
those of the corresponding MPBH with the same rH and ΩH = μ. 
Substituting in the EKG equations and taking the terms in ξ2 leads 
to a system of ﬁve coupled equations to be solved with suitable 
boundary conditions. Since for rH = 0 their study is rather cum-
bersome, we shall not pursue it here.
In Fig. 6 we plot the phase space of the hairy MPBHs, i.e. the 
domain of existence of these BHs in the ( J , M)-plane. As it can be 
observed they exist in the region where vacuum MPBHs exist as 
well. As such there is non-uniqueness, when only the ADM mass 
and angular momentum are speciﬁed, in analogy to the case of 
Kerr BHs with scalar hair.
Other properties of the solutions are similar to the case of 
Kerr BHs with scalar hair. For example, the scalar ﬁeld is always 
spatially localized within the vicinity of the horizon. Geometri-
cally, the horizon is a squashed sphere, whose deformation can 
be parametrized by the ratio F2/F1.
4. Further remarks
The hairy MPBHs with a mass gap we have reported in this pa-
per illustrate the qualitatively different behaviour of higher dimen-
sional gravity. They could not have been anticipated from linear 
theory – unlike Kerr BHs with scalar hair [1,29,30] – since a mas-
sive scalar ﬁeld does not form test scalar clouds around vacuum 
MPBHs. The solutions herein rely on non-linear effects to achieve 
gravitational trapping. As such, they provide a new example on 
how a hairy BH may be anchored on the non-linearities of general 
relativity.
6 At the very centre of the inspiral numerics are increasingly challenging.
7 This behaviour is reminiscent of that observed in [27,28] for marginal test scalar 
and Proca clouds around spherically symmetric charged BHs.
6 Y. Brihaye et al. / Physics Letters B 739 (2014) 1–7Fig. 3. The metric functions and the scalar ﬁeld (left panel) are shown together with the energy and Noether charge densities (right panel) for a typical hairy MPBH solution.
Fig. 4. The metric functions F0 and W are shown for a vacuum MPBH and a hairy MPBH close to the marginally bound set. Both solutions have ΩH = 0.995 and rH = 0.2.
Fig. 5. (Left panel) Domain of existence (shaded area) of hairy MPBHs in a horizon area AH vs. temperature diagram. We have also plotted lines of constant horizon angular 
velocity ΩH . When ΩH = μ the line of vacuum MPBHs precisely coincides with that of the marginally bound hairy MPBH solutions. (Right panel) Domain of existence in 
a horizon area vs. frequency (equal to ΩH ) diagram. Vacuum MPBHs exist below the blue dotted line. For ΩH = μ, their domain of existence coincides precisely with the 
marginally bound hairy MPBHs. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)As we have emphasized in this paper, these hairy MPBHs are 
disconnected, at the level of global properties, from the vacuum 
MPBHs, due to the mass (as well as other global quantities) gap.8
But we would like to remark that, at the level of horizon properties, 
8 A mass gap for HBHs in (2 + 1)-dimensional AdS spacetime was pointed out in 
[31,32].they are actually connected to the vacuum MPBHs, as it is manifest 
in both Figs. 4 and 5.
Some preliminary results show that the solutions we have re-
ported are not special to the case of MPBHs with symmetry en-
hancement. They also exist for arbitrary values of the angular 
momentum parameters and also in other dimensions. In the lat-
ter case there is, however, a qualitative difference. The ﬁnite mass 
gap we observed between the vacuum MPBHs and the marginally 
Y. Brihaye et al. / Physics Letters B 739 (2014) 1–7 7Fig. 6. The domain of existence (very thin shaded area) of hairy MPBHs in the ( J , M)
space. Vacuum MPBHs exist above the blue dotted line.
bound hairy MPBHs is also present in the horizonless limit of these 
solutions. Indeed, a mass gap exists between Minkowski spacetime 
and the marginally bound limit of boson stars [18]. For d > 5 bo-
son stars have an inﬁnite mass gap. As such, we expect the hairy 
MPBHs in d > 5 to have an inﬁnite mass gap.
Finally, one may interpret the results in this work as showing 
that there are non-linear scalar clouds around MPBHs. This raises 
the question if non-linearities can also produce qualitatively new 
types of scalar clouds around Kerr BHs. We hope to report soon on 
this issue.
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